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Entropy Function for 4-Charge Extremal Black Holes in Type IIA Superstring Theory
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We calculate the entropy of 4-charge extremal black holes in Type IIA supersting theory by using
Sen’s entropy function method. Using the low energy effective actions in both 10D and 4D, we find
precise agreements with the Bekenstein-Hawking entropy of the black hole. We also calculate the
higher order corrections to the entropy and find that they depend on the exact form of the higher
order corrections to the effective action.
I. INTRODUCTION
D-branes play a very important role in string theory because several kinds of extremal black holes can be constructed
out of various D-brane configurations and the Bekenstein-Hawking entropy for such kinds of black holes can be
explained by counting the degeneracy of the microstates of such configurations, see, for example, [1]. It is also known
that for black holes in higher derivative gravity, the Bekenstein-Hawking entropy formula S = 14A does not hold any
more. However, Wald has presented a method for calculating entropy of black holes in any diffeomorphism invariant
gravity [2, 3, 4], which can be used to compute entropy of black holes in higher derivative gravity.
Recently, based on the Wald’s method, Sen has shown that for a certain class of extremal black holes, the entropy
is given by a so-called “entropy function” at the extremum [5]. The steps are given as follows:
i) Suppose the near horizon geometry of a D-dimensional extremal black hole has the form AdS2×SD−2. The part
of AdS2 has the form −r2dt2 + dr2/r2. The metric of near horizon geometry of the black hole is parametrized by two
constants v1 and v2, which stand for the sizes of AdS2 and S
D−2.
ii) Assume the black hole configurationAdS2×SD−2 is supported by the electric and magnetic fields and the constant
values ui of various scalar fields. Define an entropy function by carrying out the integration of the Lagrangian density
of the gravity theory over SD−2 enclosing the black hole and then making a Legendre transform with respect to the
electric fields. The entropy function is a function of v1 and v2, the scalar fields ui, the electric charges qi and the
magnetic charges pi.
iii) For given qi and pi, v1, v2 and ui can be determined by extremizing the entropy function with respect to v1,
v2 and ui themselves. Furthermore the entropy of the black hole is given by the value of the entropy function at the
extremum point by substituting v1, v2 and ui into back the entropy function.
This is a very simple and useful method for calculating the entropy of such kinds of black holes, especially one
can easily find the corrections to the entropy due to the higher derivative terms in the effective action. Some related
works see [6] – [19].
Some extremal black holes in type II superstring theory have AdS3 as part of their near horizon geometries in ten
dimensions, instead of AdS2. It turns out that the Sen’s entropy method can still be used in that case. The case of
D1-D5-P black holes in type IIB superstring theory has been discussed very recently in [21]. In the present paper we
will discuss D2-D6-NS5-P black holes in type IIA superstring theory.
The rest of the paper is organized as follows: In Sec. II we will briefly review some properties of D2-D6-NS5-P black
holes as solutions of type IIA supergravity. We apply Sen’s method to D2-D6-NS5-P black holes in ten dimensions in
Sec. III. Then after doing dimensional reduction on the effective action to four dimensions, we calculate the entropy
function in four dimensions in Sec. IV. Finally we compute the α′3 corrections to the entropy function in Sec. V. We
summarize and discuss our main results in the last section.
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2II. 4-CHARGE BLACK HOLE IN TYPE IIA SUPERSTRING THEORY
Let us review some properties of 4-charge black hole in type IIA supersting theory [20]. Type IIA supergravity
consists of two sectors. One is the (NS,NS) sector containing the metric gµν , a two form Bµν and the dilaton φ. The
other is the (R,R) sector, which has a one form Aµ and a three form Cµνρ. The bosonic part of the effective action
in string frame can be written as
S =
1
16πG10N
∫
d10x
√−g[e−2φ(R + 4(∇φ)2 − 1
3
H2)−G2 − 1
12
F ′2
− 1
288
ǫµ1···µ10Fµ1µ2µ3µ4Fµ5µ6µ7µ8Bµ9µ10 ], (2.1)
where G10N is the Newtonian constant in ten dimensions, G = dA, H = dB, F = dC and F
′ = dC + 2A ∧H are the
field strengths associated with each of the differential forms.
The 4D extremal black hole with finite horizon area can be constructed by wrappingD6 branes on T 6 = T 4×S′1×S1,
D2 branes on S′1×S1 (directions 4, 9), NS5 branes on T 4×S1 (directions 5, 6, 7, 8, 9) and momentum flowing along
S1 (direction 9). Note that the NS5 brane does not break any additional supersymmetry and the final configuration
still preserves 1/8 of the original supersymmetries. The 4D extremal black hole, constructed this way, written in 10D
string frame, has the form
ds2str = f
− 1
2
2 f
− 1
2
6 (−dt2 + dx29 + k(dt− dx9)2)
+fs5f
− 1
2
2 f
− 1
2
6 dx
2
4 + f
1
2
2 f
− 1
2
6 (dx
2
5 + · · · dx28)
+fs5f
1
2
2 f
1
2
6 (dx
2
1 + · · · dx23),
e−2φ = f−1s5 f
−1/2
2 f
3/2
6 , Hij4 =
1
2
ǫijk∂kfs5 i, j, k = 1, 2, 3,
C049 =
1
2
(f−12 − 1), (dA)ij =
1
2
ǫijk∂kf6 i, j, k = 1, 2, 3, (2.2)
where ǫijk is the flat space epsilon tensor. The harmonic functions are
f2 = 1 +
Q2
r , fs5 = 1 +
Q5
r ,
f6 = 1 +
Q6
r , k =
QP
r ,
(2.3)
where Q2 = c
(4)
2 N2, Q5 = c
(4)
5 N5, Q6 = c
(4)
6 N6 and QP = c
(4)
P NP and the coefficients c
(4)’s are
c
(4)
2 =
4G4NR4R9
gsα
′
3
2
, c
(4)
s5 =
α′
2R4
,
c
(4)
6 =
gsα
′
1
2
2 , c
(4)
P =
4G4N
R9
(2.4)
and N2, N5, N6 and NP are integers. G
4
N denotes the 4D Newtonian constant while R4 and R9 are the radii of S
′
1
and S1.
We can obtain the 4D metric in string frame by the standard dimensional reduction
ds24 = −f−
1
2
2 f
− 1
2
6 (1 + k)
−1dt2 + fs5f
1
2
2 f
1
2
6 (dr
2 + r2dΩ22). (2.5)
This describes a 4D black hole and its horizon is located at r = 0. The near horizon (r → 0) geometry of the 4-charge
extremal black hole is given by
ds2(4)near = −
r2
QP
√
Q2Q6
dt2 +
Q5
√
Q2Q6
r2
dr2 +Q5
√
Q2Q6(dθ
2 + sin2 θdφ2), (2.6)
clearly it is of the form AdS2 × S2. The near-horizon geometry of the black hole in 10D dimensions has the metric
ds2 = (
QP − r√
Q2Q6
dt2 − 2 QP√
Q2Q6
dtdx9 +
QP + r√
Q2Q6
dx29 +
Q5
√
Q2Q6
r2
dr2)
+Q5
√
Q2Q6(dθ
2 + sin2 θdφ2) +
Q5√
Q2Q6
dx24 +
√
Q2
Q6
(dx25 + · · · dx28). (2.7)
3It is of the form AdS3 × S2 × S1 × T 4. The Bekenstein-Hawking entropy of the black hole is
SBH =
A4
4G4N
= 2π
√
N2N5N6NP , (2.8)
The statistical entropy can be derived by counting the degree of freedom of the corresponding D-brane configurations.
The result is in precise agreement with the Bekenstein-Hawking entropy [20].
III. ENTROPY FUNCTION OF 4-CHARGE BLACK HOLE IN D = 10
We start from the ten dimensional string frame metric and write down the near horizon field configuration
ds2 = v1(
QP − r√
Q2Q6
dt2 − 2 QP√
Q2Q6
dtdx9 +
QP + r√
Q2Q6
dx29 +
Q5
√
Q2Q6
r2
dr2)
+v2Q5
√
Q2Q6(dθ
2 + sin2 θdφ2) + v3
Q5√
Q2Q6
dx24 + v4
√
Q2
Q6
(dx25 + · · · dx28)
Hθφ4 ≡ p1 sin θ = −Q5
2
sin θ, Gθφ ≡ p2 sin θ = −Q6
2
sin θ,
Ft49r = e1, e
−2φ = us. (3.1)
Note that here the parameters v3 and v4, which describe the sizes of S
′
1 and T
4, have been introduced, except for v1
and v2. This is different from the consideration in [21] for 3-charge black hole in Type IIB supergravity. In addition,
the D2 branes are considered here as electric field sources while D6 and NS5 branes as magnetic field sources.
The general form of Wald formula for computing black hole entropy is [4]
SBH = 4π
∫
H
dxH
√
gH
∂L
∂Rµνλρ
g⊥µλg
⊥
νρ, (3.2)
where L is the Lagrangian density of the gravity theory under consideration, gH is the determinant of the horizon
metric and g⊥µν denotes the orthogonal metric obtained by projecting onto subspace orthogonal to the horizon. For
the general form of the metric
ds2 = gttdt
2 + gyydy
2 + 2gtydtdy + grrdr
2 + d−→x 2, (3.3)
the orthogonal metric is defined as
g⊥µν = (Nt)µ(Nt)ν + (Nr)µ(Nr)ν , (3.4)
where Nt and Nr are unit normal vectors to the horizon
Nt =
√
gyy
gttgyy−(gty)2 (1, 0,− g
ty
gyy , 0), Nr = (0,
1√
grr
, 0, 0). (3.5)
After working out the components of the orthogonal metric and Riemann tensor, for the metric (3.1) we can rewrite
the Wald formula (3.2) as
SBH =
4∑
i=1
Si, (3.6)
4where
S1 = 8π
∫
H
dxH
√
gH
∂L
∂Rtrtr
g⊥ttg
⊥
rr
= −32πQ5
√
Q2Q6v1
∫
H
dxH
√
gH
∂L
∂Rtrtr
Rtrtr,
S2 = 8π
∫
H
dxH
√
gH
∂L
∂Ryryr
g⊥yyg
⊥
rr
= −32πQ5Q
2
P
√
Q2Q6v1
r2 −Q2P
∫
H
dxH
√
gH
∂L
∂Ryryr
Ryryr,
S3 = 16π
∫
H
dxH
√
gH
∂L
∂Rtryr
g⊥tyg
⊥
rr
= −64πQ5
√
Q2Q6v1
∫
H
dxH
√
gH
∂L
∂Rtryr
Rtryr,
S4 = 8π
∫
H
dxH
√
gH
∂L
∂Rtyty
(g⊥ttg
⊥
yy − (g⊥ty)2)
= 0. (3.7)
Next we define a function f as integral of the Lagrangian density over the horizon
f ≡
∫
dxH
√
− det gL. (3.8)
Following [5], we rescale the Riemann tensor components
Rrtrt → λ1Rrtrt, Rryry → λ2Rryry,
Rtryr → λ3Rtryr, Rtyty → λ4Rtyty. (3.9)
It can be seen that the rescaled Lagrangian Lλ behaves as
∂Lλ
∂λi
= R
(i)
µνλρ
∂Lλ
∂R
(i)
µνλρ
. (3.10)
Note that there is no summation on the right hand side for i (i = 1, 2, 3, 4). Then we have the following relation for
the rescaled function fλ
∂fλ
∂λi
|λi=1 = v1(QP + r)−
1
2Q
1
2
5
∫
dxH
√
gH
∂Lλ
∂R
(i)
µνλρ
R
(i)
µνλρ. (3.11)
Substituting these into (3.6) and (3.7), we find
SBH = −8π
√
Q2Q5Q6(QP + r)
(
∂fλ1
∂λ1
+
Q2P
Q2P − r2
∂fλ2
∂λ2
+
∂fλ3
∂λ3
)
|λ1=λ2=λ3=1 . (3.12)
Since the general Lagrangian should be diffeomorphism invariant, the components of the Riemann tensor appeared
in (3.7) must be contracted by the corresponding components of the inverse metric. Thus we have the following
relations
λ1Rtrtrg
ttgrr ∼ λ1v−11 , λ2Rryrygrrgyy ∼ λ2v−11 ,
λ3Rtryrg
tygrr ∼ λ3v−11 , λ4Rtytygttgyy ∼ λ4v−11 . (3.13)
Furthermore, the electric field strength Ft49r behaves as
√
(gttg99 − (gt9)2)grrg99Ft49r ∼ e1v−
3
2
1 and no other contri-
butions have any dependence on v1. These facts allow us to rewrite fλ as a function of scalars, electric and magnetic
field strengths
fλ(us, v1, v2, e1, p1, p2) = v
3
2
1 h(us, v2, λiv
−1
1 , e1v
− 3
2
1 , p1, p2), (3.14)
5where h is a general function and the factor v
3
2
1 comes from
√− det g.
It can be easily derived that
4∑
i=1
λi
∂fλi
∂λi
∣∣∣∣∣
λi=1
=
3
2
(f − e1 ∂f
∂e1
)− v1 ∂f
∂v1
. (3.15)
Then we can reexpress the entropy by substituting (3.15) into (3.12)
SBH = −8π
√
Q2Q5Q6(QP + r){3
2
(f − e1 ∂f
∂e1
)− ( ∂f
∂λ4
− r
2
Q2P − r2
∂f
∂λ2
)}. (3.16)
To simplify the above complicated expression, we have to make use of the following relations, which are similar to
those appeared in [21]
∂f
∂λ1
= ∂f∂λ2 , 2
∂f
∂λ1
+ ∂f∂λ3 = 2
∂f
∂λ4
, ∂f∂λ3 /
∂f
∂λ2
=
2Q2P
r2−Q2
P
.
(3.17)
Finally, the entropy has a simpler expression
SBH = −4π
√
Q2Q5Q6QP (f − e1 ∂f
∂e1
)
= 4π
√
Q2Q5Q6QPF, (3.18)
where F ≡ e1 ∂f∂e1 − f and we have used the fact that the horizon locates at r = 0. Note that although the parameters
v3 and v4 appear in the deformed near horizon metric, they do not contribute in the final form of the entropy function
because the (4,5,6,7,8) part is conformal to a flat space metric. The entropy can be obtained by extremizing the
entropy function F with respect to the moduli
∂F
∂us
= 0,
∂F
∂vi
= 0, i = 1, 2. (3.19)
and then substituting the values of the moduli back into F .
For the field configuration (3.1), we have
L = 1
16πG10N
[us(
4v1 − 3v2
2Q5
√
Q2Q6v1v2
− 1
2v32Q5
√
Q2Q6
)− Q6
2v22Q
2
5Q2
+
2Q2Q6Q
2
p
Q25v
3
1v2
e21]. (3.20)
According to the definition of electric charge q1 =
∂f
∂e1
, we can obtain
e1 =
v
3
2
1
2Q2QP v
5
2
2
. (3.21)
Then the function f becomes
f =
(2π)2R4R9VT 4Q2Q
2
5Q
−1
6 v
3
2
1 v
7
2
2
4G10N
×[us( 4v1 − 3v2
2Q5
√
Q2Q6v1v2
− 1
2Q5
√
Q2Q6v32
)− Q6
2Q2Q25v
2
2
+
Q6
2Q2Q25v
6
2
]. (3.22)
and the entropy function
F =
(2π)2R4R9VT 4Q2Q
2
5Q
−1
6 v
3
2
1 v
7
2
2
4G10N
×[us( 3v2 − 4v1
2Q5
√
Q2Q6v1v2
+
1
2Q5
√
Q2Q6v32
) +
Q6
2Q2Q25v
2
2
+
Q6
2Q2Q25v
6
2
]. (3.23)
6The solutions to the moduli equations (3.19) are
us = Q
− 1
2
2 Q
−1
5 Q
3
2
6 , v1 = v2 = 1. (3.24)
Substituting these back to the entropy function, we arrive at
F =
(2π)2R4R9VT 4
4G10N
, (3.25)
and the entropy of black hole is
SBH = 4π
√
Q2Q5Q6QPF
= 2π
√
N2N5N6NP . (3.26)
This is completely the same as the Bekenstein-Hawking entropy.
IV. ENTROPY FUNCTION OF 4-CHARGE BLACK HOLE IN D = 4
In this section we discuss the entropy function of 4-charge black hole in four dimensions. For this end, we first write
down the metric of the four dimensional extremal black hole in string frame by dimensional reduction
ds
2(4)
str = −(f2f6)−
1
2 (1 + k)−1dt2 + (f2f6)
1
2 fs5[dr
2 + r2(dθ2 + sin2 θdφ2)], (4.1)
where the functions f2, fs5, f6 and k remain the same as before. To calculate the entropy function of this specific
background, we need the four dimensional effective action of type IIA supergravity compactified on S1×S1′ ×T 4. It
can be obtained from the action (2.1) by the standard dimensional reduction procedure (see, for example, [22])
S(4) =
1
16πG4N
∫
d4x
√
−g(4)eψ22 eψ12 e2ψ{e−2φ[R(4) −∇2ψ2 − 1
2
(∇ψ2)2 − 1
4
eψ2F2
−∇2ψ1 − 1
2
(∇ψ1)2 + 3(∇ψ)2 − 8∇ψ∇φ+ 4(∇φ)2 − e−ψ1H(4)2]
−G2 − e−ψ1e−ψ2F (4)2}, (4.2)
where ψ, ψ1 and ψ2 are single moduli for T
4, S1
′
and S1 respectively, φ is the ten dimensional dilaton, F (4) is a
two form electric field strength coming from compactifying the ten dimensional four form field strength and F is a
two form field strength for the gauge field corresponding to KK momentum along the x9 direction. H
(4) denotes the
magnetic field strength coming from compactifying the ten dimensional (NS,NS) B field strength and G is another
magnetic field strength coming from the ten dimensional magnetic field strength associated with D6 branes, which
remains unchanged in the dimensional reduction.
For the black hole solution (4.1), the Wald formula can be expressed as
SBH = 8π
∫
dxH
√
gH
∂L
∂Rtrtr
gttgrr. (4.3)
Defining
f ≡
∫
dxH
√−gL (4.4)
and following the procedure used in the previous section, we have
∂f
∂λ
∣∣∣∣
λ=1
= 4
∫
dxH
√−gRtrtr ∂L
∂Rtrtr
, (4.5)
∂f
∂λ
∣∣∣∣
λ=1
= f − ei ∂f
∂ei
, (4.6)
SBH = 2π
√
Q2Q5Q6QP (ei
∂f
∂ei
− f)
≡ 2π
√
Q2Q5Q6QPF. (4.7)
7According to the black hole solution (4.1), we assume that there exists a black hole configuration in the four
dimensional effective action (4.2) as follows,
ds
2(4)
str = v1(− r
2
QP
√
Q2Q6
dt2 + Q5
√
Q2Q6
r2 dr
2) + v2Q5
√
Q2Q6(dθ
2 + sin2 θdφ2),
e
ψ1
2 = u1, e
ψ2
2 = u2, e
2ψ = uT , e
−2φ = us,
F
(4)
rt = e1, Frt = e2, H(4)θφ = −Q52 sin θ, Gθφ = −Q62 sin θ. (4.8)
Then we have
f =
1
4G4N
[2u1u2uTus(v1 − v2)Q5Q−
1
2
P −
1
2
v1v
−1
2 u
−1
1 u2uTusQ
3
2
6 Q
− 1
2
2 Q
− 1
2
5 Q
− 1
2
P
−1
2
v1v
−1
2 u1u2uTQ
3
2
5 Q
− 1
2
2 Q
− 1
2
6 Q
− 1
2
P + 2v
−1
1 v2u
−1
1 u
−1
2 uTQ
1
2
6 Q
1
2
2 Q
1
2
5 Q
1
2
P e
2
1
+
1
2
v−11 v2u1u
3
2uTusQ
1
2
6 Q
1
2
2 Q
1
2
5 Q
1
2
P e
2
2]. (4.9)
The parameters ei, i = 1, 2 are related to the electric charges qi via the equation qi = ∂f/∂ei, so that the values of ei
can be determined as
e1 =
1
2
v1v
−1
2 u1u2u
−1
T Q
− 1
2
6 Q
1
2
2 Q
− 1
2
5 Q
− 1
2
P ,
e2 = v1v
−1
2 u
−1
1 u
−3
2 u
−1
T u
−1
s Q
− 1
2
6 Q
− 1
2
2 Q
− 1
2
5 Q
1
2
P . (4.10)
Substituting (4.10) into (4.9), we obtain the entropy function F
F =
1
4G4N
[2u1u2uTus(v2 − v1)Q5Q−
1
2
P +
1
2
v1v
−1
2 u
−1
1 u2uTusQ
3
2
6 Q
− 1
2
2 Q
− 1
2
5 Q
− 1
2
P
+
1
2
v1v
−1
2 u1u2uTQ
3
2
5 Q
− 1
2
2 Q
− 1
2
6 Q
− 1
2
P +
1
2
v1v
−1
2 u1u2u
−1
T Q
− 1
2
6 Q
3
2
2 Q
− 1
2
5 Q
− 1
2
P
+
1
2
v1v
−1
2 u
−1
1 u
−3
2 u
−1
T u
−1
s Q
− 1
2
6 Q
− 1
2
2 Q
− 1
2
5 Q
3
2
P ]. (4.11)
The black hole entropy can be obtained by extremizing the entropy function F with respect to the moduli,
∂F
∂vi
= 0, i = 1, 2
∂F
∂ui
= 0, i = 1, 2, T, s, (4.12)
from which we have
v1 = v2 = v,
u1 = Q
3
4
6 Q
− 1
4
2 Q
− 3
4
5 v
− 1
2 , u2 = Q
− 1
4
6 Q
− 1
4
2 Q
1
4
5 Q
1
2
P v
1
2 ,
uT =
Q2
Q5
, us = Q
− 1
2
6 Q
− 1
2
2 Q
1
2
5 v
−1.
(4.13)
Here v is an arbitrary constant, which will not appear in the entropy of black hole. With these results, the entropy
function reduces to
F =
2
4G4N
. (4.14)
The black hole entropy then becomes
SBH = 2π
√
N2N5N6NP . (4.15)
Clearly we have obtained the black hole entropy once again.
8V. HIGHER-ORDER CORRECTIONS TO ENTROPY OF 4-CHARGE BLACK HOLE
In this section we will compute the corrections to the entropy function by making use of the low-energy effective
action for type IIA superstrings with α′3 corrections [23] [24] [25] [26]. The corrections in string frame can be written
as [26]
S
(cor)
IIA =
1
16πG10N
∫
d10x
√−gα′3[ π
2
32 · 28 E˜8 + (
ζ(3)
23
e−
φ
2 +
π2
3 · 23 e
3φ
2 )LW ], (5.1)
where
E˜2n = − 1
2n(D − 2n)!ǫ
α1···αD−2nµ1ν1···µnνnǫα1···αD−2nρ1σ1···ρnσnR
ρ1σ1
µ1ν1 · · ·Rρnσnµnνn ,
LW = C
λµνκCαµνβCλ
ρσαCβρσκ +
1
2
CλκµνCαβµνCλ
ρσαCβρσκ. (5.2)
Assuming that the near horizon geometry still has the form (3.1) when the higher derivative terms are taken into
account, and following the same steps, we get the corrected entropy function
F =
(2π)2R4R9VT 4Q2Q
2
5Q
−1
6 v
3
2
1 v
7
2
2
4G10N
[us(
3v2 − 4v1
2Q5(Q2Q6)
1
2 v1v2
+
1
2Q5(Q2Q6)
1
2 v32
) +
Q6
2Q2Q25v
2
2
+
Q6
2Q2Q25v
6
2
− 5α′3(p1us 14 + p2us− 34 ) (14336v
4
1 − 1536v31v2 + 1728v21v22 − 432v1v32 + 567v42)
222184Q22Q
4
5Q
2
6v
4
1v
4
2
], (5.3)
where p1 ≡ ζ(3)23 and p2 ≡ pi
2
3·23 . Note that for the configuration (3.1), the E˜8 term does not have any contribution
here. In addition, it is interesting to see that the parameters v3 and v4 still do not appear in the entropy function.
The solutions to the equations of motion of moduli by extremizing the entropy function are found to be
v1 = 1 + α
′3 747813p2Q2Q5
√
Q6 − 249271p1
√
Q2Q6
2 + 7712p2Q2Q5
√
Q6 + 7712p1
√
Q2Q6
2
3554944Q5
9
4Q2
13
8 Q
37
8
6
,
v2 = 1 + α
′3 23136p2Q2Q5
√
Q6 + 23136p1
√
Q2Q6
2 + 483879p2Q2Q5
√
Q6 − 161293p1
√
Q2Q6
2
3554944Q5
9
4Q2
13
8 Q
37
8
6
,
us =
Q
3
2
6
Q5Q
1
2
2
(1− α′3 2067483p2Q2Q5
√
Q6 − 689161p1
√
Q2Q6
2 + 1103632p2Q2Q5
√
Q6 + 1103632p1
√
Q2Q6
2
3554944Q5
5
4Q2
9
8Q
49
8
6
).(5.4)
Finally we obtain the corrected entropy of black hole
S = 2π
√
N2N5N6Np[1 + α
′3 3(39355p2
√
Q2Q5 − 136601p1Q
3
2
6 )
888736Q
9
8
2Q
9
4
5Q
33
8
6
]. (5.5)
However, if we use the higher derivative corrections in [21]
Lcorr = γe
−2φ(L1 − 2L2 + λL3),
L1 = R
hmnkRpmnqRh
rspRqrsk +
1
2R
hkmnRpqmnRh
rspRqrsk,
L2 = R
hk(12RhnpkR
msqnRmsq
p + 14RhpmnRk
pqsRqs
mn +RhmnpRkqs
pRnqsm),
L3 = R(
1
4RhpmnR
hpqsRqs
mn +RhmnpR
h
qs
p
Rnqsm),
(5.6)
where γ = 18ζ(3)α
′3 and λ is a parameter which signifies the ambiguity in the field redefinitions of the metric, we
will obtain different results. To see this, we follow similar steps mentioned above and arrive at the following entropy
9function
F =
(2π)2R4R9VT 4Q2Q
2
5Q
−1
6 v
3
2
1 v
7
2
2
4G10N
{us( 3v2 − 4v1
2Q5
√
Q2Q6v1v2
+
1
2Q5
√
Q2Q6v32
)
+
Q6
2Q2Q25v
2
2
+
Q6
2Q2Q25v
6
2
+ γus[
4
Q45(Q2Q6)
2
v42
− 7 · 3
4
2463Q45(Q2Q6)
2
v41
−λ 4v2 − 3v1
2Q5(Q2Q6)
1
2 v1v2
(
4
Q35(Q2Q6)
3
2 v32
− 3
3
2362Q35(Q2Q6)
3
2 v31
)]}. (5.7)
The solutions to the corresponding moduli equations are
v1 = 1 +
4363− 3358λ
1600
γ
Q35(Q2Q6)
3
2
,
v2 = 1 +
814− 3524λ
1600
γ
Q35(Q2Q6)
3
2
,
us =
Q
3
2
6
Q5Q
1
2
2
(1 +
407 + 4038λ
1600
γ
Q35(Q2Q6)
3
2
). (5.8)
The corrected entropy becomes
S = 2π
√
N2N5N6Np(1 +
491− 262λ
128
γ
N35 (N2N6)
3
2
(
2R4
G4Nα
′R9
)
3
2 ). (5.9)
Note that the corrected entropy depends on the coefficient λ, which is different from the 3-charge solution case in
type IIB supergravity [21]. Because in [21] the AdS3 part and S3 part have the same curvature radii so that the term
related to λ does not contribute, while here the two parts AdS3 and S
2 have different radii and the λ term appeared
in the final result.
As pointed out in [23], [24] and [25], the field redefinition ambiguity allows one to choose the corrected action in
a specific ”scheme” where only the Weyl tensor part of the curvature appears in the action. If we consider the Weyl
tensor part only, i.e. the corrections to the effective action turn out to be
Lcorr = γe
−2φ(ChmnkCpmnqChrspCqrsk +
1
2
ChkmnCpqmnCh
rspCqrsk), (5.10)
then the corrected entropy function is
F =
(2π)2R4R9VT 4Q2Q
2
5Q
−1
6 v
3
2
1 v
7
2
2
4G10N
[us(
3v2 − 4v1
2Q5(Q2Q6)
1
2 v1v2
+
1
2Q5(Q2Q6)
1
2 v32
)
+
Q6
2Q2Q25v
2
2
+
Q6
2Q2Q25v
6
2
− γus 5(14336v
4
1 − 1536v31v2 + 1728v21v22 − 432v1v32 + 567v42)
222184Q22Q
4
5Q
2
6v
4
1v
4
2
]. (5.11)
In this case, the solutions to the corresponding moduli equations become
v1 = 1− 2278857
349495432
γ
Q35(Q2Q6)
3
2
,
v2 = 1 +
775009
31772312
γ
Q35(Q2Q6)
3
2
,
us =
Q
3
2
6
Q5Q
1
2
2
(1 − 128859193
349495432
γ
Q35(Q2Q6)
3
2
). (5.12)
And the corrected entropy is
S = 2π
√
N2N5N6Np[1− 73315
222184
γ
N35 (N2N6)
3
2
(
2R4
G4Nα
′R9
)
3
2 ]. (5.13)
From the above we can draw the conclusion that the corrected entropy depends on the exact form of the corrected
action in the case of 4-charge black holes in type IIA supergravity.
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VI. CONCLUSION
Sen’s entropy function method turns out to be a useful tool for calculating the entropy of extremal black holes
whose near horizon geometry are AdS2 × SD−2. In this paper we have calculated the entropy function of 4-charge
extremal black holes in type IIA supergravity both in 10 and 4 dimensions and found that the resulting entropy of
the black hole is in precise agreement with the Bekenstein-Hawking entropy. Note that the near-horizon geometry of
the black hole in 10 dimensions does not have the form AdS2 × SD−2, instead it is AdS3 × S2 × S1 × T 4. Combining
the result for 3-charge black hole considered in [21], where the black hole geometry is AdS3 × S3 × T 4, we can see
that the Sen’s entropy function method is not limited to the geometry AdS2 × SD−2 only.
We have found that there exist some ambiguities in calculating the higher order corrections to the entropy. First,
we have computed the corrections by making use of the α′3 corrections in the tree-level and one-loop action. Then we
have found that when taking the corrected action used in [21], the parameter λ, which stands for the ambiguity of the
field redefinition, appears in the final result. This curious phenomenon arises due to the fact that the AdS3 part and
S2 part have different curvature radii. This is quite different from the 3-charge case considered in [21]. Furthermore,
the corrections are quite different if we work them out using various forms of the action. It means that the corrections
to the entropy depend on the exact form of the action. In other words, the corrections depends on the schemes. It
would be very important to further understand the dependence of the schemes.
We notice that the field redefinition ambiguities and scheme dependence for black hole entropy in heterotic string
theory has been discussed extensively in [10], where the author pointed out that since Wald’s formula was applied on
the local horizon which was the exact solution of the truncated equations of motion then Wald’s entropy depended on
the field redefinition ambiguity parameters. However, this problem can be solved by requiring that the result obtained
via the entropy function formalism should agree with the statistical entropy. It has been found that there exist schemes
in which the inclusion of all the linear α′ corrections gives rise to a ‘local’ horizon with geometry AdS2 × SD−2 and
for which the modified Bekenstein-Hawking entropy is in agreement with the statistical entropy. So it seems that
requiring the agreement between macroscopic entropy and microscopic entropy is an effective method for removing
the scheme dependence. Similarly, the scheme dependence also exists in our case and we expect that it can also be
resolved likely. However, we still do not have a clear idea about how to choose the proper scheme following [10] due
to the lack of understanding the corrections to the entropy from a microscopic point of view. We hope to address this
problem in our future work.
Finally, we would like to mention that we still assume the geometry of black hole being of the form (3.1) when the
higher derivative terms are taken into account. This should be justified. However, it is a difficult problem. Here we
give some arguments to support this assumption. One piece of evidence is that under such an assumption, we have
obtained nontrivial and self consistent solutions to the moduli equations. Furthermore, let us consider the following
action
S =
1
2κ2D
∫
dDx
√−g (R+ α4E8 + γJ0) (6.1)
where E8, J0 are given as
E8 = − 1
24 × (D − 8)!ǫ
α1α2···αD−8ρ1σ1···ρ4σ4ǫα1α2···αD−8µ1ν1···µ4ν4R
µ1ν1
ρ1σ1R
µ2ν2
ρ2σ2R
µ3ν3
ρ3σ3R
µ4ν4
ρ4σ4 (6.2)
J0 = C
λµνκCαµνβC
αρσ
λ C
β
ρσκ +
1
2
CλκµνCαβµνC
ρσα
λ C
β
ρσκ (6.3)
where C is the Weyl tensor. Then
ds2D = −fdt2 + f−1dr2 + r2hijdxidxj (6.4)
where hij is the metric for maximally symmetric space of D − 2 dimensions. Taking it to be sphere, we find that
f = 1+ (r/l)2 is an exact solution of the system with l6 = α4(D− 3)(D− 4) · · · (D − 8). Note that here γ term does
not contribute. In our case, if we do dimensional reduction in (3.1) on S2 × S1 × T 4, only the AdS3 is left. Taking
into account the higher derivative terms, we can see that the AdS3 is still an exact solution; only difference is to
change the radius of AdS3 space, which correspondingly changes the size v1. Of course, it would be very interesting
to rigorously prove the assumption.
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